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Two Higgs-doublet models usually consider an ad-hoc Z2 discrete symmetry to avoid flavor changing
neutral currents. We consider a new class of two Higgs-doublet models where Z2 is enlarged to the
symmetry group F o Z2, i.e. an inner semi-direct product of a discrete symmetry group F and
Z2. In such a scenario the symmetry constrains the Yukawa interactions but goes unnoticed by
the scalar sector. In the most minimal scenario, Z3 o Z2 = D3, flavor changing neutral currents
mediated by scalars are absent at tree and one-loop level, while at the same time predictions to
quark and lepton mixing are obtained, namely a trivial CKM matrix and a PMNS matrix (upon
introduction of three heavy right-handed neutrinos) containing maximal atmospheric mixing. Small
extensions allow to fully reproduce mixing parameters, including cobimaximal mixing in the lepton
sector (maximal atmospheric mixing and a maximal CP phase).
I. INTRODUCTION
The discovery of a Higgs boson with a mass of mh ' 125
GeV has opened the door to the possibility of having in
Nature multiple fundamental scalars. In principle, noth-
ing forbids their proliferation. Nonetheless, the amount
of parameters dramatically increases, both in the Yukawa
and scalar sector. Here we consider a simple extension to
the standard model (SM) by only introducing a second
Higgs doublet (2HDM) with quantum numbers identi-
cal to the SM Higgs, and three right-handed neutrinos to
generate active neutrino masses. Furthermore, we mainly
focus on the problem of fermion mixing by first adopting
the common 2HDM framework with natural flavor con-
servation (NFC) [1, 2], achieved through a Z2 reflection
symmetry. Then, we add flavor to it via the enlarge-
ment of the symmetry group in a very particular man-
ner, F o Z2. This denotes an inner semi-direct product
of a discrete symmetry group F and a Z2 symmetry. The
non-Abelian nature of the enlarged symmetry group then
strongly reduces the number of Yukawa couplings, thus
providing a more predictive theory. Moreover, the ad-
hoc nature of the Z2 is explained as a part of a larger
group1.
To understand the need for the Z2 symmetry we briefly
sketch its impact. In a general setup, one may immedi-
ately write the Yukawa Lagrangian for a given fermion
−LY ⊃ ψL
(
Yψ1 Φ1 + Y
ψ
2 Φ2
)
ψR + H.c., (1)
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1 There are other possibilities to explain the ad-hoc Z2, for in-
stance by linking it to the remnant symmetry of a spontaneously
broken U(1), see e.g. [3–5]
where ψR or ψL are three-dimensional vectors in fla-
vor space each denoting a weak singlet or a weak dou-
blet, respectively, and ψ representing any of the four
fermion types, ψ = qu, qd, `, ν. Notice that the Higgs dou-
blets must be replaced by their charge-conjugate fields,
Φ˜k = iσ2Φ
∗
k, for the up-type quark and neutrino cases
2.
If the neutral components of both scalar doublets ac-
quire a vacuum expectation value (VEV), 〈Φ01〉 = v1
and 〈Φ02〉 = v2, both Yukawa matrices contribute to the
fermion masses and mixing. It is clear that diagonaliza-
tion of the mass matrix,
M = v1Y1 + v2Y2 , (2)
cannot mean, in general, diagonalization of the individual
Yukawa matrices. This brings about dangerous tree-level
flavor-changing-neutral-currents (FCNC). To avoid them
it is sufficient to assume NFC by introducing a Z2 sym-
metry and by assigning a single scalar doublet for a given
fermion species such that only one of the two Yukawa ma-
trices contributes to the mass matrix. This is, the scalar
fields transform under the discrete symmetry such that
Φ1 → −Φ1 , Φ2 → +Φ2 , (3)
while the left-handed quarks and leptons transform triv-
ially and the right-handed parts transform appropriately.
The different assignment possibilities lead to four non-
equivalent types of 2HDMs3:
• Type I: All charged fermions couple to Φ2.
• Type II: qd and ` couple to Φ1 and qu to Φ2.
2 For brevity, we left aside the Majorana option. However, we
return to it later.
3 The type X and Y are also called the lepton-specific and flipped
scenarios, respectively.
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2• Type X: qu and qd couple to Φ2 and ` to Φ1.
• Type Y: qu and ` couple to Φ2 and qd to Φ1.
Other possibilities are the Type III which is the general
2HDM with all couplings permitted and the inert doublet
model where Φ2 couples to all fermions while Φ1 has no
VEV thus leaving unbroken the Z2 symmetry and pro-
viding a viable dark matter candidate. Although other
approaches, such as Yukawa-alignment [6] or singular-
alignment [7], may also avoid tree-level FCNC, here we
only focus on those 2HDM employing the discrete sym-
metry Z2. Attempts to add flavor to 2HDMs have already
been made, e.g. [8–10]. However, our approach offers an
alternative and novel way to consider the NFC theories as
the starting point to build minimal extensions where the
patterns in fermion mixing are taken as a guide for new
physics. Note that the non-equivalence nature between
the four types comes from the fact that each framework
ends up having different effective Yukawa couplings of the
fermions to the various scalar particles; for a thorough
discussion on various phenomenological and theoretical
aspects of 2HDMs see Ref. [11].
On the other hand, a general feature shared by the
four different types (I, II, X, and Y) is the Z2-invariant
scalar potential given by
V Z22HDM =
∑
x=1,2
[
m2xx(Φ
†
xΦx) +
λx
2
(Φ†xΦx)
2
]
+ λ3(Φ
†
1Φ1)(Φ
†
2Φ2) + λ4(Φ
†
1Φ2)(Φ
†
2Φ1)
+
1
2
[
λ5(Φ
†
1Φ2)
2 + λ∗5(Φ
†
2Φ1)
2
]
.
(4)
The hermiticity condition of the potential leaves λ5 as
the only complex coefficient while the rest, m211,m
2
22, and
λ1,2,3,4, are real. There are in total eight real parameters.
However, not all of them are physical. A phase redefini-
tion can make λ5 real and only seven parameters are
physical. Note that our potential has explicitly become
CP -symmetric.
No matter the amount of Higgs doublets one em-
ploys, the full mass matrix for any given fermion is
parametrized by nine complex parameters. The initial
arbitrariness may then be reduced via weak-basis trans-
formations (unitary transformations leaving invariant
the kinetic terms), but not enough to claim predictivity.
In the mass basis, for either quarks or leptons, one
has six fermion masses and four (six for Majorana
neutrinos) mixing parameters, plus arbitrary Yukawa
couplings. The flavor sector thus gives to the SM and its
extensions (without symmetries) the highest amount of
arbitrariness. It is only when symmetries are introduced
that the initial arbitrariness can be drastically reduced.
Here we intend to explore the effect of symmetries in the
flavor sector such that we find correlations among the
quark and lepton mixing parameters.
The paper is organized as follows: in Sec. II, we discuss
the meaning of adding flavor to Z2. Next, in Sec. III, we
provide the most minimal scenario realizing the features
of our approach. Also we highlight the main differences
when compared to the four types of 2HDMs. Thereafter,
in Sec. IV, we take the incompleteness of fermion mixing
in our simple model as a hint to the presence of additional
new physics and introduce a flavor doublet of real scalar
gauge singlets. Finally, in Sec. V, we conclude. Some
technical details are delegated to appendices.
II. ADDING FLAVOR TO Z2
We are interested in those finite symmetry groups, G,
which can be written as an inner semi-direct product of
an arbitrary group F and Z2,
G = F o Z2 . (5)
There are in fact many examples of such groups (see
Ref. [12] for more details): DN = ∆(2N) ' ZN o Z2,
Σ(2N2) ' (ZN × Z′N )o Z2, Σ(24) ' Z2 × Z6 o Z2, etc.
The main property of this kind of groups is that they
contain two one-dimensional irreducible representations
(denoted singlets), which behave exactly as if we only had
a Z2 symmetry. Thus, by assigning each Higgs doublet to
one of these singlets, we are mimicking in the scalar sector
any of the NFC models with a Z2 symmetry. On the
other hand, the non-Abelian nature of the symmetry only
impacts the Yukawa interactions, thus providing a way
to approach the problem of mixing while simultaneously
tackling minimal scalar extensions to the SM.
An additional feature of this approach is the following.
Since the number of Higgs doublets in a theory restricts
the maximum group order of allowed symmetries (’real-
izable symmetries’) that would otherwise imply massless
Goldstone bosons [13], then by implementing symmetry
groups as here proposed we avoid these constrictions.
Let us take as a first example the Klein group given
by Z2 o Z2. It is the smallest possibility within this ap-
proach. It has four elements and four irreducible repre-
sentations (irreps): 1++, 1+−, 1−+, and 1−−. However,
as it is still an Abelian group its effect on the Yukawa
couplings is only of reduction but not of relation. For ex-
ample, we could assign the Higgs doublets as Φ1 ∼ 1−−
and Φ2 ∼ 1++ while the third, second, and first fermion
families as 1−+, 1+−, and 1++, respectively. In return
the mass matrix for Dirac fermions would take the generic
form
M =
y1v++ y4v−− 0y5v−− y2v++ 0
0 0 y3v++
 , (6)
where 〈Φ01〉 = v−− and 〈Φ02〉 = v++. Therefore, although
we have reduced the number of complex parameters from
nine to five, we yet have no predictions except for the fact
that we only expect mixing between the first two gener-
ations. Nevertheless, it demonstrates that the combina-
3tion of the flavor-safe Z2 with an additional group will
simplify the Yukawa sector. Going to the non-Abelian
case will result in predictive scenarios, and we will study
a very minimal approach in what follows.
III. THE MINIMAL CASE: Z3 o Z2
The smallest non-Abelian finite group has six elements
and is denoted by D3 ≡ Z3 o Z2. This dihedral group
describes the symmetrical properties of an equilateral tri-
angle4. It has three irreducible representations: two sin-
glets 1+,1−, and one doublet 2. The product rules can
be found in Appendix A.
Although different assignments between the D3 irreps
and the fermion fields could be done, here we opt to con-
sider
QL,3 ∼ 1+ , QL,D =
(
QL,1
QL,2
)
∼ 2 ,
uR,3 ∼ 1+ , uR,D =
(
uR,1
uR,2
)
∼ 2 ,
dR,3 ∼ 1− , dR,D =
(
dR,1
dR,2
)
∼ 2 ,
(7)
whereas in the lepton sector,
EL,1 ∼ 1+ , EL,D =
(
EL,2
EL,3
)
∼ 2 ,
eR,1 ∼ 1− , eR,D =
(
eR,2
eR,3
)
∼ 2 ,
NR,1 ∼ 1− , NR,D =
(
NR,2
NR,3
)
∼ 2 .
(8)
We are motivated to this choice, as we will see, because
the dominant contributions to quark and lepton mixing
are the Cabibbo and atmospheric angle, correspondingly.
Recall that the scalar sector should be assigned to
Φ1 ∼ 1− and Φ2 ∼ 1+ . (9)
The neutral component of both Higgs doublets acquires a
VEV, spontaneously breaking the electroweak symmetry;
we denote them as
v1 ≡ 〈Φ01〉 and v2 ≡ 〈Φ02〉 . (10)
Note we are using the convention v2 = v21 + v
2
2 =
(174 GeV)2.
The Z3 o Z2-symmetric Yukawa Lagrangian is
− LY = LQY + LEY (11)
4 D3 is isomorphic to S3, the group describing the permutations
of three indistinguishable objects.
with
LQY = ytQL,3Φ˜2uR,3 + ybQL,3Φ1dR,3
+ yu1 [QL,DuR,D]−Φ˜1 + y
u
2 [QL,DuR,D]+Φ˜2
+ yd1 [QL,DdR,D]−Φ1 + y
d
2 [QL,DdR,D]+Φ2
+ H.c.,
(12)
and
LEY = yν1EL,1Φ˜1NR,1 + yeEL,1Φ1eR,1
+ yν1 [EL,DNR,D]−Φ˜1 + y
ν
2 [EL,DNR,D]+Φ˜2
+ ye1[EL,DeR,D]−Φ1 + y
e
2[EL,DeR,D]+Φ2
+
1
2
M1N cR,1NR,1 +
1
2
M2[N cR,DNR,D]+
+ H.c.,
(13)
where [ ]k = {1+,1−,2} represents one of the three
possible outputs from the D3 tensorial product. Also
notice that we are now assuming Majorana neutrinos by
virtue of a standard seesaw.
In the quark sector, the resulting Yukawa matrices take
the form
∆1 =
 0 yu1 0−yu1 0 0
0 0 0
 , ∆2 =
yu2 eiγu 0 00 yu2 eiγu 0
0 0 yt
 ,
Γ1 =
 0 yd1 0−yd1 0 0
0 0 yb
 , Γ2 =
yd2 eiγd 0 00 yd2 eiγd 0
0 0 0
 ,
(14)
while in the lepton sector we have
Π1 =
ye 0 00 0 ye1
0 −ye1 0
 , Π2 =
0 0 00 ye2 eiγe 0
0 0 ye2 e
iγe
 ,
Ω1 =
yν1 0 00 0 yν1
0 −yν1 0
 , Ω2 =
0 0 00 yν2 eiγν 0
0 0 yν2 e
iγν
 ,
(15)
where all the parameters are real and positive and where
we have taken {yu1 , yd1 , yt, yb, ye1, ye} ∈ <+ without loss of
generality. All Dirac mass matrices satisfy
M = v1Ξ1 + v2Ξ2 , (16)
where Ξ = Γ,∆,Π, and Ω. Each mass matrix has three
complex parameters and possesses the feature of being
diagonalisable by the same transformation that brings
to diagonal form its individual Yukawa matrices. It is
this property that guarantee the absence of FCNC at
tree level and it represents an explicit realization of the
singular alignment ansatz [7].
Note how we end up, in the quark sector, with only
eight real parameters, six of which correspond to the six
4quark masses while the other two, being complex phases,
are forced to be nearly±pi/2 due to the phenomenological
observation of hierarchical fermion masses. We return to
this point later.
The effective Majorana neutrino mass matrix can be
computed from the standard seesaw formula, Mν =
−MνM−1R MTν , and is found to be diagonal:
Mν = −

(yν1v1)
2
M1
0 0
0
(yν2 )
2v22−(yν1 )2v21
M2
0
0 0
(yν2 )
2v22−(yν1 )2v21
M2
 .
(17)
Here MR = diag(M1,M2,M2), which is a consequence
of the D3 flavor symmetry. The mass matrix has a mass
degeneracy between the two neutrino states, νL,2 and
νL,3, while, since it is diagonal, it does not contribute to
the mixing.
Towards studying the phenomenology of this scenario
we note that complex matrices of the form
m = aI+
(
0 b
−b 0
)
, (18)
are brought to diagonal shape via a maximal bi-unitary
transformation
uL =
1√
2
(
1 ±i
±i 1
)
, uR =
(
eiγ1 0
0 eiγ2
)
· uL , (19)
that is,
uL ·m · u†R =
(|a∓ ib| 0
0 |a± ib|
)
, (20)
with γ1 = arg(a∓ ib) and γ2 = arg(a± ib) implying real
and positive masses. The choice of the signs will depend
on the ordering of the masses. The singular values of
such a matrix m are given by
m1,2 = |a± ib| =
√
|a|2 + |b|2 ∓ 2|a||b| sin ρ , (21)
where ρ = arg(a) − arg(b). Moreover, note that if the
parameters a and b are taken to be real (ρ = 0) then
the masses would be degenerate. In particular, if ρ is in
the first quadrant then ρ ∈ [ArcSin
(
m22−m21
m22+m
2
1
)
, pi/2]. The
transformations ρ→ ±ρ+pi and ρ→ −ρ will lead to the
same masses as ρ. Additionally, when the masses are
hierarchical, m2  m1, the allowed interval for ρ shrinks
to ρ ∈ [pi/2 − 2m1/m2 + O(m31/m32), pi/2], essentially
implying that ρ ' ±pi/2. We have chosen the off-diagonal
Yukawas to be real and positive without loss of generality.
Therefore the complex phase of the diagonal Yukawas is
found to be γf ' ±pi/2.
With these results in mind and looking at the form
of the mass matrices of the charged fermions shown in
Eqs. (14)-(16) we can extract the masses and mixing pa-
rameters:
mt = ytv2 , mb = ybv1 , me = yev1 ,
mc,u = |yu2 v2 ± yu1 v1| , ms,d = |yd2v2 ± yd1v1| ,
mτ,µ = |ye2v2 ± ye1v1| ,
(22)
with the Majorana neutrino masses as given in Eq. (17).
The quark Yukawa couplings can now be generically fixed
to (defining tanβ = v2/v1)
y
u(d)
1 =
mc(s) −mu(d)
2v cosβ
and y
u(d)
2 =
mc(s) +mu(d)
2v sinβ
.
(23)
An alternative solution exists when one exchanges yf1 ↔
yf2 . Similarly for the charged leptons,
ye1 =
mτ −mµ
2v cosβ
and ye2 =
mτ +mµ
2v sinβ
, (24)
and again it is possible to exchange ye1 ↔ ye2.
Turning to fermion mixing, we can parametrize the
relevant diagonalization matrices in terms of the complex
rotation matrices Uij(θ, φ), which are defined as
U12(θ, φ) =
 cos θ sin θe−iφ 0− sin θeiφ cos θ 0
0 0 1
 , (25)
and similarly for U13 and U23. Then, the mixing matrices
for the up and down quarks and for the charged leptons
are simply given by
UuL = U12(pi/4,±pi/2) , (26)
UdL = U12(pi/4,±pi/2) , (27)
UeL = U23(pi/4,±pi/2) . (28)
We obtain for the Cabibbo-Kobayashi-Maskawa (CKM)
and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matri-
ces
V
(0)
CKM = U
u
L(U
d
L)
† =
1 0 00 1 0
0 0 1
 ,
U
(0)
PMNS = U
e
L(U
ν
L))
† =
1 0 00 1√
2
± i√
2
0 ± i√
2
1√
2
 ,
(29)
where one of the signs of the PMNS matrix is realized
when Eq. (24) applies and the opposite when ye1 ↔ ye2.
This is, by enlarging Z2 to Z3oZ2, we are now able to
predict trivial mixing in the quark sector and a maximal
atmospheric mixing angle in the lepton sector. There is
also a maximal CP violation phase, which is unphysical
if the angles θ12 and θ13 remain 0, but it will become
important later. These features have to be understood
as the dominant characteristics of this model at leading
5order. Its incompleteness points to further investigation
on how the model should be extended, see Sec. IV.
A. FCNC
There are no tree level FCNC since all Yukawa matri-
ces are simultaneously diagonalisable. However, at the
one-loop level quantum corrections could induce mis-
alignment in the different Yukawa matrices and gener-
ate FCNC. To check this effect we employ the formu-
las obtained for a theory with N−Higgs doublets [14]
and given in Appendix B. It is straightforward to see
that for our particular model in all cases the one-loop
renormalization-group-equations may only give place to
flavor-conserving terms5
16pi2µ
d
dµ
Ξa ∝ Ξa , (a = 1, 2), (30)
where µ is the renormalization scale and Ξ = Γ,∆,Π,
and Ω. More details can be found in Appendix B6.
B. Nonuniversal charged fermion-scalar couplings
In order to find the couplings between the charged
fermions and the Higgs scalars we need to move both of
them to their mass basis. In our case, only the latter are
still in the symmetry adapted basis. We first introduce
their notation
Φ1 =
(
Φ+1
v1 +
φ01+iϕ
0
1√
2
)
, Φ2 =
(
Φ+2
v2 +
φ02+iϕ
0
2√
2
)
. (31)
Since the scalar potential is CP -symmetric there are
states with definite CP -odd and CP -even quantum num-
bers. This allows one to write two independent mass
matrices
M2CP -even =
(
2v22λ2 2v1v2λ345
2v1v2λ345 2v
2
1λ1
)
, (32)
where λ345 = λ3 + λ4 + λ5, and
M2CP -odd =
(
2v22λ5 −2v1v2λ5
−2v1v2λ5 2v21λ5
)
. (33)
5 As we are only interested in finding flavor-violating structures,
we have not considered the quantum corrections to the VEVs.
6 Due to the fact that we are employing the standard seesaw,
FCNC with heavy sterile neutrinos are sufficiently suppressed
and are not discussed here.
The first case can be brought to diagonal form by means
of the orthogonal transformation(
h
H
)
=
(
cα sα
−sα cα
)(
φ02
φ01
)
, (34)
with tan 2α = 2v1v2λ345/(v
2
1λ1−v22λ2), while the second
one by (
G0
A
)
=
(
cβ sβ
−sβ cβ
)(
ϕ02
ϕ01
)
. (35)
Here the latter angle of rotation satisfies tanβ = v2/v1
and G0 is the neutral pseudo-Goldstone boson to be
‘eaten’ by the Z mass. Similarly, one has for the charged
scalars a mass matrix
M2charged =
(
2v22(λ4 + λ5) −2v1v2(λ4 + λ5)
−2v1v2(λ4 + λ5) 2v21(λ4 + λ5)
)
,
(36)
diagonalised by the same rotation as for the CP -odd neu-
tral scalars, (
G+
H+
)
=
(
cβ sβ
−sβ cβ
)(
Φ+2
Φ+1
)
. (37)
The Yukawa Lagrangian related to the interactions to
the neutral scalars is
−LY ⊃
∑
f
mf
(246 GeV)
(
ξfhffh+ ξ
f
HffH − iξfAfγ5fA
)
,
(38)
while the one related to the interactions to the charged
scalar is
−LY ⊃−H+ [V
(0)
CKM]ij
(246 GeV)
ui
(
miξ
H+
qu PL +mjξ
H+
qd
PR
)
dj
−H+ m`
(246 GeV)
ξH
+
` νL,i`R,j + H.c.,
(39)
with PL,R = (1∓γ5)/2. In order to compare this expres-
sion to that appearing in conventional 2HDMs we have
assumed, for the moment, massless neutrinos.
We find that an important distinction between this
framework with typical 2HDMs with NFC (see Table I) is
that fermion couplings become nonuniversal, see Table II.
Furthermore, those fermions which initially talk to both
Higgs doublets (Φ1,2) have the following couplings
f±(α, β, y1, y2) =
y2cα ∓ y1sα
y2sβ ± y1cβ ,
g±(α, β, y1, y2) =
y2sα ± y1cα
y2sβ ± y1cβ .
(40)
Note that cancellations can occur, which could make f±
or g± vanish. The observed hierarchy in the fermion
6Type
I II X Y
ξhqu cα/sβ cα/sβ cα/sβ cα/sβ
ξhqd cα/sβ −sα/cβ cα/sβ −sα/cβ
ξh` cα/sβ −sα/cβ −sα/cβ cα/sβ
ξHqu sα/sβ sα/sβ sα/sβ sα/sβ
ξHqd sα/sβ cα/cβ sα/sβ cα/cβ
ξH` sα/sβ cα/cβ cα/cβ sα/sβ
ξAqu cotβ cotβ cotβ cotβ
ξAqd − cotβ tanβ − cotβ tanβ
ξA` − cotβ tanβ tanβ − cotβ
ξH
+
qu cotβ cotβ cotβ cotβ
ξH
+
qd
cotβ − tanβ cotβ − tanβ
ξH
+
` cotβ − tanβ − tanβ cotβ
TABLE I. Flavor universal Yukawa couplings of the charged
fermions to the Higgs bosons h,H,A, and H+ in the conven-
tional 2HDMs with only Z2.
masses, m3  m2  m1, may be applied to Eq. (40)
to obtain the approximate relations
f± ≈ m2
2m2,1
(
cα
sβ
∓ sα
cβ
)
, g± ≈ m2
2m2,1
(
sα
sβ
± cα
cβ
)
.
(41)
For small or large tanβ both relations reduce to f− ≈
m2
m1
f+ and g− ≈ m2m1 g+; meaning that the fermion with a
lighter mass (m1 < m2) has an O(10−100) enhancement
in its coupling to the scalars compared to the heavier one.
Moreover, for α→ β − pi/2 all couplings to the 125 GeV
scalar state, h, including the new functions f±, are auto-
matically made SM-like, i.e. ξhqu,qd,` → 1, while the other
couplings end up only depending on tanβ. A further im-
plication of the alignment limit is that the coupling of
the CP -even state H with the W and Z bosons becomes
null.
The resulting couplings have been grouped into differ-
ent sets corresponding to similar characteristics in Ta-
ble II. This also holds for couplings which depend on
the Yukawa parameters (and therefore, to the different
fermion masses), like ξHf = g+(α, β, y
f
1 , y
f
2 ) for f = τ, s, c.
As they have the same functional dependence they are
grouped under the category ξHτ,s,c.
In general, conventional 2HDMs with NFC have a
moderate behaviour for moderate values of tanβ. Their
main differences appear in the small (or large) tanβ lim-
its. For example, take the couplings to the charged scalar,
H+. In the type-II scenario, its coupling to tb is large
(philic) at large tanβ, whereas in the same limit, it is
always small (phobic) for the type-I case. In contrast to
this typical situation, the Z3 o Z2 model shows already
at moderate values of tanβ either phobic or philic be-
haviour, see Figs. 1-3. Also it can be seen that for a
given value of β a given fermion may completely decou-
Z3 o Z2 model
ξht cα/sβ
ξhb,e −sα/cβ
ξhτ,s,c f+(α, β, y1, y2)
ξhµ,d,u f−(α, β, y1, y2)
ξHt sα/sβ
ξHb,e cα/cβ
ξHτ,s,c g+(α, β, y1, y2)
ξHµ,d,u g−(α, β, y1, y2)
ξAt cotβ
ξAb,e tanβ
ξAτ,s,c f+(β, β, y1, y2)
ξAµ,d,u f−(β, β, y1, y2)
ξH
+
t cotβ
ξH
+
b,e − tanβ
ξH
+
τ,s −f+(β, β, y1, y2)
ξH
+
µ,d −f−(β, β, y1, y2)
ξH
+
c f+(β, β, y1, y2)
ξH
+
u f−(β, β, y1, y2)
TABLE II. Flavor nonuniversal Yukawa couplings, cf. Eqs.
(38, 39), of the charged fermions to the Higgs bosons h,H,A,
and H+ in the 2HDM with Z3oZ2. We have grouped the cou-
plings into different sets with equal or similar characteristics.
ple from one of the four scalars and accidentally become
inert to that scalar.
IV. COMPLETING MIXING AS A GUIDE FOR
NEW PHYSICS
While possessing attractive features, the minimal Z3oZ2
model presented so far does not fully reproduce the
fermion mixing and masses. We take this ’incomplete
mixing’ as a hint pointing towards new physics. In the
quark sector, the vanishing mixing points to the intro-
duction of a dim > 4 operator that generates small cor-
rections. In a similar fashion, the Majorana nature of
neutrinos could allow dim-4 operators and therefore large
contributions to mixing. The simplest possibility is ob-
tained by introducing a real singlet scalar field, which is
assumed to transform under D3 as a doublet,
η ∼ 2 . (42)
This field acquires a VEV
〈η〉 =
(
w1
w2
)
. (43)
Note that by introducing η and its non-renormalizable
interactions we have allowed at tree level the appear-
7FIG. 1. Effective couplings to the 125 GeV scalar (h), as a
function of β, in any of the 2HDM types and the Z3 o Z2
model. We considered α = 0.7. The blue and red continu-
ous lines represent any of the conventional 2HDMs couplings
with NFC whereas the black (dotted) and gray (dashed) lines
the new couplings of our model. The left and right (ma-
genta) shaded regions depict the small and large tanβ limits
while the upper (cyan) and lower (yellow) regions the philic
(|ξhf | > 1.5) and phobic (|ξhf | < 0.5) limits, respectively. The
middle (green) line the SM limit. Note that the funnel is a
consequence of plotting the absolute values of the coupling
ξhf .
FIG. 2. Effective couplings to the heavy CP -even scalar (H),
as a function of β, in any of the 2HDM types and the Z3oZ2
model. We considered α = 0.7. The blue and red continuous
lines represent any of the conventional 2HDMs couplings with
NFC whereas the black (dotted) and gray (dashed) lines the
new couplings of our model. The left and right (magenta)
shaded regions depict the small and large tanβ limits while
the upper (cyan) and lower (yellow) regions the philic (|ξHf | >
1.5) and phobic (|ξHf | < 0.5) limits, respectively. Note that
the funnel is a consequence of plotting the absolute values of
the coupling ξHf .
ance of FCNC. We may assume a large mass and later
decouple it from the theory. While perturbing 2HDMs
is typically done to explain anomalies [15, 16], here we
need it to complete fermion mixing. Note however that
our approach uses an explicit model, i.e. the symmetry
and field content of our model determines the type of
FIG. 3. Effective couplings to the neutral CP -odd (A) and
charged (H+) scalars, as a function of β, in any of the 2HDM
types and the Z3 o Z2 model. The blue and red continu-
ous lines represent any of the conventional 2HDMs couplings
with NFC whereas the black (dotted) and gray (dashed) lines
the new couplings of our model. The left and right (ma-
genta) shaded regions depict the small and large tanβ limits
while the upper (cyan) and lower (yellow) regions the philic
(|ξA,H+f | > 1.5) and phobic (|ξA,H
+
f | < 0.5) limits, respec-
tively. Note that the funnel is a consequence of plotting the
absolute values of the coupling ξA,H
+
f .
Yukawa matrices to be added. At last, notice that in-
tegrating out the singlet scalar means that our theory
has become a 2HDM of Type III. We will later demon-
strate that the model can be easily made flavor-safe. An
explicit numerical example will be provided in Sec. IV D.
A. Quark mixing
In the quark sector, the non-renormalizable dim-5 opera-
tors leading to a correct CKM matrix requires a complete
UV formulation to be realized. As a simple example that
serves as a plausibility argument, consider the follow-
ing dim-5 effective interactions, invariant under the SM
gauge group and the flavor symmetry:
−∆LQY =
gd1
Λ
[QL,Dη]−dR,3Φ2 +
gd2
Λ
[QL,Dη]+dR,3Φ1
+
gd3
Λ
QL,3[dR,Dη]+Φ2 +
gd4
Λ
QL,3[dR,Dη]−Φ1
+
gd5
Λ
[QL,DdR,Dη]+Φ2 +
gd6
Λ
[QL,DdR,Dη]−Φ1
+ H.c.
(44)
These contributions give rise to small corrections in quark
mixing through perturbations to the down quark mass
8matrix of the form
∆Md =
1 2 32 −1 4
′3 
′
4 0
 , (45)
i.e. the 6 new parameters gdi , the scale of the dimension-
5 operators Λ and the two new vevs 〈ηi〉 = ωi can be
absorbed into 4 parameters i in the down quark mass
matrix, which are enough to perturb our initial identity
matrix and reproduce the CKM mixing. These effective
operators can be realized in an UV-complete model just
by adding a vector-like pair of coloured particles with the
same gauge quantum numbers as the right-handed down
quarks.
In the basis where Mu and Md are diagonal, the per-
turbation matrix becomes
∆M˜d =

0 −(1 − i2) 3−i4√2
1 + i2 0
−i(3+i4)√
2
i(5+i6)√
2
−(5−i6)√
2
0
 . (46)
Recall that here we still have trivial quark mixing. In
order to obtain a realistic mixing scenario, the pertur-
bations need to be sufficiently small compared to the
bottom quark mass but large enough compared to the
down and strange quark masses. This implies that the
Yukawa parameters yd1,2 are no longer completely satisfy-
ing Eq. (23). Through a qualitative analysis we find that
for
M˜d = diag(|yd2 |v2 − yd1v1, |yd2 |v2 + yd1v1, ybv1) + ∆M˜d
∼
 md λms λ3mbλms ms λ2mb
− − mb
 ,
(47)
where λ ' 0.225, it is possible to fully reproduce quark
mixing without introducing unacceptably large amounts
of flavor violation at tree level. The (3, 1) and (3, 2) ma-
trix elements could be taken as zero or of the same order
that their transpose counterparts. On the other hand, all
entries are given up to O(1) complex factors. It is inter-
esting to note that Eq. (47) shows an approximate U(2)
flavor symmetry for the first two generations, mb  md,s
(analogously for the up-type quarks). The above result-
ing mass matrix is a similar realization of the ’flavorful’
2HDMs investigated in Ref. [10] wherein Yukawa cou-
plings, for all charged fermions, are chosen as to approx-
imately preserve a U(2)5 flavor symmetry acting on the
first two generations.
Alternatively, we could have introduced perturbations
through the up-type quarks; however, to reproduce the
CKM mixing would have required a larger modification
of the initial Yukawa parameters, |yu2 | and yu1 , by at least
one order of magnitude. This may be easily appreciated
by considering that a perturbation to the 1 − 2 sector
of the size
√
m1m2 is enough in the down quark sec-
tor,
√
mdms ∼ 10 MeV, to generate Cabibbo mixing,
while for the up-type quarks it would still require an ad-
ditional order of magnitude, O(10)√mumc ∼ 100 MeV,
plus some extra tuning in the Yukawa parameters to get
the correct light quark masses, mu and mc.
B. Lepton mixing
In the lepton sector, the dominant perturbation con-
tributions come through the right-handed neutrinos,
−∆LNY =
1
2
gN1 N¯
c
R,1[ηNR,D]− + g
N
2 [η[N¯
c
R,DNR,D]2]+ + H.c.,
(48)
producing
∆MR =
 0 δN1 rδN1δN1 rδN2 δN2
rδN1 δN2 −rδN2
 , (49)
where we have defined r = ω1/ω2, δN1 = g
N
1 ω2 and
δN2 = g
N
2 ω1 i.e. we can rewrite the 4 new parameters
given by gN1 , g
N
2 , ω1 and ω2 in terms of only 3: r, δN1
and δN2.
The charged lepton contribution remains untouched by
the addition of the scalar η and is given by Eq. (28).
Once we consider the contributions to the mass matrix of
the right-handed neutrinos shown in Eq. (49) the initial
lepton mixing given by Eq. (29) gets modified. If the
Yukawa couplings appearing in the neutrino mass matrix
are taken real then we have
UeL = U23(pi/4,±pi/2) ,
UνL = O23(θ
ν
23)O13(θ
ν
13)O12(θ
ν
12) ,
(50)
where Oij(θ) is the usual rotation matrix in the (i, j)
plane. It can be shown that
U23(pi/4,±pi/2)O23(θν23) = P ·U23(pi/4,∓pi/2) , (51)
where P is a diagonal unitary matrix which is unphys-
ical. Therefore, if the neutrino sector is real we obtain
cobimaximal mixing [17] with θ23 = pi/4 and δCP = ±pi/2
in the lepton sector. While the sign of δCP is not fixed,
data seems to favor the negative option [18]. Note that
this is a particular case of the general theorem derived
in Ref. [19], i.e. if cobimaximal mixing is present in the
charged lepton sector and the neutrino sector is real, then
the full PMNS matrix is also cobimaximal. In particular,
the full lepton mixing parameters are given by
θ12 = θ
ν
12 , θ13 = θ
ν
13 , θ23 = pi/4 ,
δCP = ±pi/2 , φ12 = 0, pi/2 = φ13 , (52)
irrespective of θν23. That is, the large hierarchy between
9the charged lepton masses coupled with the assumption
that the neutrino Yukawas are real leads to cobimaxi-
mal mixing i.e. maximal atmospheric mixing angle and
δCP = ±pi/2. For the other two mixing angles θ12 and
θ13 no predictions can be made, but the parameters can
be chosen in such a way that they lie inside the experi-
mental constraints. Moreover, the Majorana phases rel-
evant for neutrinoless double beta decay maintain their
CP conserving values.
We remark that of course there is no need to assume
the neutrino sector to remain real, in the most general
scenario with complex parameters there is enough
freedom to fit all the mixing parameters. The assump-
tion that the neutrino Yukawas are real, while the
charged lepton Yukawas are forced to be complex due to
hierarchical masses, may seem ad-hoc but can actually
be justified in many different scenarios. For example in
Ref. [20] the author derives a general loop mechanism in
which the neutrino mass matrix is complex but diagonal-
ized by a real orthogonal matrix. This same mechanism
could be applied here by changing the type I seesaw
neutrino mass generation by an inverted loop seesaw
mediated by three real scalars. Then, the cobimaximal
nature of the PMNS would remain. Another option
would be to explicitly impose a remnant CP symmetry
in the neutrino sector.
It is worth to note that our scenario is minimal and
quite simple, yet, it leads to such a restricted scenario.
The SM symmetry group is extended by just D3 while
the particle content is enlarged by an extra Higgs gauge
doublet and an D3 doublet η which is a gauge singlet.
C. The scalar potential
The most general scalar potential invariant under Z3oZ2
is
V = V Z22HDM + V
Z3oZ2
η + V
Z3oZ2
Φη , (53)
with the first term given in Eq. (4) and
V Z3oZ2η =
µ2η
2
[ηη]+ +
λη1
2
[ηη]2+ +
λη2
2
[
[ηη]2[ηη]2
]
+
,
V Z3oZ2Φη =
[
ζ1(Φ
†
1Φ1) + ζ2(Φ
†
2Φ2)
]
(ηη)+ ,
(54)
where [ηη]k represents one of the three possible choices
(1+, 1−, 2), all couplings are real (due to hermiticity)
ensuring a CP conserving potential and we have omitted
those terms involving [ηη]− as it is zero. This poten-
tial has an extra Goldstone boson due to the fact that
[ηη]+ = η
2
1 + η
2
2 is equivalent to (η1 − iη2)(η1 + iη2) and
[[ηη]2[ηη]2]+ = ([ηη]+)
2. Then, Eq. (54) is accidentally
invariant under a global U(1) symmetry originated from
the two components of the flavor doublet scalar, η. To
avoid its appearance we softly-break the accidental sym-
metry by introducing
Vsoft =
µ21
2
η21 +
µ22
2
η22 − µ212η1η2 . (55)
Additionally, the fact that the heavy quark masses are
simply given by mt ' ytv2 and mb ' ybv1 naturally
points to having order one Yukawas and hierarchical
VEVs in the range
v2 ' v and v1 ∼ [1, 10] GeV , (56)
meaning that tanβ ∈ (10, 100). To create such a hi-
erarchy while maintaining all scalar masses around the
electroweak scale we need to consider m222 < 0, m
2
11 > 0,
and introduce the soft-breaking term
−m212(Φ†1Φ2 + H.c.) , (57)
where m12 ∼ O(10) GeV. By assuming |m11|, |m22| ∼
100 GeV, a straightforward calculation then leads to
v2 '
√
−m222
λ2
and v1 ' m
2
12v2
m211 + λ345v
2
2
. (58)
The smallness of v1 is thus natural as one recovers a larger
symmetry when setting it to zero.
The minimization conditions read
−m211 = λ1v21 + λ345v22 + (w21 + w22)ζ2 −m212 tanβ ,
−m222 = λ2v22 + λ345v21 + 2(w21 + w22)ζ1 −m212 cotβ ,
−µ2η = 2(w21 + w22)λ¯+ 2v21ζ2 + 2v22ζ1 + µ22 −
w1
w2
µ212 ,
−µ2η = 2(w21 + w22)λ¯+ 2v21ζ2 + 2v22ζ1 + µ21 −
w2
w1
µ212 ,
where λ¯ = λη1 + λη2. The latter two conditions can only
be met if
µ212 = −
w1w2
w21 − w22
(µ21 − µ22) . (59)
The general expressions for the squared mass matrices
are given in Appendix C.
In order to decouple η from the 2HDM we assume its
mass (or VEV) to be large enough and ζ1,2 → 0. Then,
for the full potential, V +Vsoft, to be bounded from below
we require the well-known relations
λ1 ≥ 0 , λ2 ≥ 0 , λ3 ≥ −
√
λ1λ2 ,
λ3 + λ4 − |λ5| ≥ −
√
λ1λ2 ,
(60)
while for the new contributions
λη1 ≥ 0 and λη2 ≥ 0 , (61)
which all are sufficient and necessary conditions.
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D. Numerical example
In the following, we give a numerical example of how
the perturbations brought by the addition of η modify
our initial 2HDM setup. We assign a best-fit value to our
set of complex parameters {1, 2, 3, 4, 5, 6} by virtue
of a χ2 fit to the three down quark masses and four quark
mixing parameters
χ2 =
∑
f=d,s,b
(mthf −mexpf )2
σ2f
+
(|Vth12| − |Vckm12 |)2
σ212
+
(|Vth23| − |Vckm23 |)2
σ223
+
(|Vth13| − |Vckm13 |)2
σ213
+
(J thq − Jexpq )2
σ2J
,
(62)
where the value of the masses is taken at the Z boson
mass scale, MZ , using the RunDec package [21]
mexpd (MZ) = 0.0027
+0.0003
−0.0002 GeV ,
mexps (MZ) = 0.055
+0.004
−0.002 GeV ,
mexpb (MZ) = 2.86± 0.02 GeV ,
(63)
and
|Vckm12 | = 0.22452± 0.00044 ,
|Vckm23 | = 0.04214± 0.00076 ,
|Vckm13 | = 0.00365± 0.00012 ,
Jexpq = (3.18± 0.15)× 10−5 ,
(64)
as shown in the most recent global fit from the PDG [22].
As a proof of principle, we consider a minimal scenario
with the least number of parameters. We assume all of
them real except for 4 which we consider it as purely
imaginary and set 5,6 = 0. Also we allow for small
variations in the initial down quark Yukawa couplings
appearing in Eq. (22).
The following best-fit values,
1 = 4.4634 MeV , 2 = 12.1428 MeV ,
3 = 103.6520 MeV , 4 = −i 60.9786 MeV , (65)
reproduce the down quark masses and the observed CKM
mixing at the 1σ level with a quality of fit of χ2d.o.f. =
0.49.
Besides their role in mixing, the introduction of per-
turbations has also brought FCNC at tree level. We now
show how the size of the contributions is still sufficiently
small. Through the best-fit values we calculate the uni-
tary transformations for the left- and right-handed fields.
With them the corresponding down quark Yukawa ma-
trices, in the mass basis, are
Γ˜1 .
10−4 10−4 10−710−4 10−3 10−5
10−5 10−5 10−1
+ i
10−9 10−7 10−710−7 10−8 10−6
10−6 10−5 10−9
 ,
Γ˜2 .
10−4 10−5 10−810−5 10−4 10−7
10−6 10−6 10−9
+ i
10−10 10−8 10−810−8 10−8 10−8
10−7 10−6 10−10
 ,
(66)
where we have assumed v1 ∼ 10mb and v2 ∼ mt to esti-
mate the upper bounds and which are all consistent with
those presented in Refs. [10, 23]. There are in fact three
different scenarios from which Eq. (66) represents one of
them. As all the independent perturbations defined in
Eq. (45) originate from both Higgs doublets, Φ1 and Φ2,
we can define three different benchmark scenarios as fol-
lows: all the perturbations come from i) Φ1, ii) Φ2, or
iii) both. Our choice in Eq. (66) depicts the first case.
We left for future work a detailed study of the differences
between this approach and the conventional 2HDMs.
V. CONCLUSIONS
We have considered a new class of 2HDM where the con-
ventional Z2 symmetry, by which FCNC can be naturally
avoided, has been enlarged to FoZ2 such that symmetry
constrains the Yukawa sector but goes unnoticed by the
scalar sector. In particular, we have shown that the min-
imal case with Z3 o Z2 is able to provide trivial quark
and maximal atmospheric mixing at leading order. A
further implication to this class of models is that cou-
plings between the fermions to the scalars are nonuniver-
sal, compared to the conventional types where couplings
are universal. At last, we have taken the incompleteness
of fermion mixing as a hint pointing towards new physics.
To this end we have included two real scalar gauge sin-
glets which transform as a flavor doublet, and are later in-
tegrated out by assuming them to be properly heavy. We
have shown that quark mixing can be set in agreement
with the latest global fits while the lepton mixing can be-
come cobimaximal, i.e. maximal atmospheric mixing and
maximal CP violation. We have treated the introduction
of the real scalars as a new way of adding perturbations
to 2HDMs in a systematic manner by demanding them to
be invariant under the flavor symmetry. In general, these
additions have the effect of breaking flavor conservation
and tree level FCNC, mediated by the neutral scalars, are
induced. However, the size of the contributions remains
sufficiently small thanks to the approximate presence of
a U(2)3 global flavor symmetry in the light quark sector.
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Appendix A: Product rules of D3 ' Z3 o Z2
D3 is the smallest non-Abelian discrete symmetry group.
It describes the symmetrical properties of an equilateral
triangle. It has three irreducible representations: two
singlets, 1+ and 1−, and one doublet, 2. Their product
rules are
1+×1+ = 1+ , 1− × 1− = 1+ , 1− × 1+ = 1− ,
1+×2 = 2 , 1− × 2 = 2 , 2× 2 = 1+ + 1− + 2 .
(A1)
In particular, the tensor product of two doublets, a =
(a1, a2)
T and b = (b1, b2)
T , is explicitly given as
a× b = (a1b1 + a2b2)1+ + (a1b2 − a2b1)1−
+
(
a1b2 + a2b1
a1b1 − a2b2
)
2
.
(A2)
Appendix B: Renormalization group equations
In a model with N Higgs doublets, wherein all Higgses
couple to all fermions, the fermion mass matrices are ex-
pressed as a linear combination of N Yukawa matrices
times a VEV. Given an initial setup, the one-loop renor-
malization group equations (RGE) tell us how stable are
the initial mass matrices at higher scales and if new fla-
vor structures may appear, giving rise to misalignments.
The one-loop RGE has been calculated in Ref. [14] and
reads
16pi2µ
d
dµ
Γk =aΓΓk
+
N∑
l=1
[
3 Tr(ΓkΓ
†
l + ∆
†
k∆l) + Tr(ΠkΠ
†
l )
]
Γl
+
N∑
l=1
(
−2∆l∆†kΓl + ΓkΓ†lΓl
)
+
1
2
N∑
l=1
(
∆l∆
†
lΓk + ΓlΓ
†
lΓk
)
,
(B1)
16pi2µ
d
dµ
∆k =a∆∆k
+
N∑
l=1
[
3 Tr(∆k∆
†
l + Γ
†
kΓl) + Tr(ΠkΠ
†
l )
]
∆l
+
N∑
l=1
(
−2ΓlΓ†k∆l + ∆k∆†l∆l
)
+
1
2
N∑
l=1
(
ΓlΓ
†
l∆k + ∆l∆
†
l∆k
)
,
(B2)
16pi2µ
d
dµ
Πk =aΠΠk
+
N∑
l=1
[
3 Tr(∆k∆
†
l + Γ
†
kΓl) + Tr(ΠkΠ
†
l )
]
Πl
+
N∑
l=1
(
ΠkΠ
†
lΠl +
1
2
ΠlΠ
†
lΠk
)
,
(B3)
where we have followed the notation introduced in [14].
Here µ denotes the renormalization scale and
aΓ =− 8g2s −
9
4
g2 − 5
12
g′2 ,
a∆ =− 8g2s −
9
4
g2 − 17
12
g′2 ,
aΠ =− 9
4
g2 − 15
4
g′2 ,
(B4)
where gs, g, and g
′ are the gauge couplings of the SM
gauge group, SU(3)C × SU(2)L × U(1)Y , respectively.
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Appendix C: Squared mass matrices
The squared mass matrix for the CP -even scalars reads
M2CP−even =
(
m2φφ m
2
φη
m2φη m
2
ηη
)
, (C1)
where
m2φφ =
(
2v22λ2 +m
2
12 cotβ 2v1v2λ345 −m212
2v1v2λ345 −m212 2v21λ1 +m212 tanβ
)
, (C2)
m2φη =
(
2
√
2ζ1v2w1 2
√
2ζ2v1w1
2
√
2ζ1v2w2 2
√
2ζ2v1w2
)
, (C3)
m2ηη =
4λ¯w1w2 − w1w2(µ21−µ22)w22−w21 4λ¯w22 + w21(µ21−µ22)w22−w21
4λ¯w21 +
w22(µ
2
1−µ22)
w22−w21 4λ¯w1w2 −
w1w2(µ
2
1−µ22)
w22−w21
 ,
(C4)
whereas for the CP -odd and charged scalars we have
M2CP−odd =
(
2v22λ5 −m212 tanβ −2v1v2λ5 +m212
−2v1v2λ5 +m212 2v21λ5 −m212 cotβ
)
,
(C5)
and
M2± =
(
2v22(λ4 + λ5)−m212 tanβ −2v1v2(λ4 + λ5) +m212
−2v1v2(λ4 + λ5) +m212 2v21(λ4 + λ5)−m212 cotβ
)
.
(C6)
Note that the mass matrices for the CP -odd and charged
scalars are rank one while rank four for the CP -even case.
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